In this paper, we obtain a quasinormal criterion of meromorphic functions and give an example of an application in the value distribution theory. More than anything, we provide a general method to solve some problems in the value distribution theory. MSC: 30D35; 30D45
Introduction
We use the following notation. Let N denote the set of positive integers. Let C be complex plane and D be a domain in C. The Ahlfors-Shimizu characteristic is defined by T  (r, f ) = r 
S(t,f ) t
dt. Let T(r, f ) denote the usual Nevanlinna characteristic function. Since T(r, f ) -T  (r, f ) is bounded as a function of r, we can replace T  (r, f ) with T(r, f ) in this paper.
Recall that an elliptic function [] is a meromorphic function h defined in C for which there exist two nonzero complex numbers ω  and ω  with ω  /ω  not real such that h(z + ω  ) = h(z + ω  ) = h(z) for all z in C.
Recall that a family F of functions meromorphic in D is said to be quasinormal in D [] if from each sequence {f n } ⊂ F one can extract a subsequence {f n k } which converges locally uniformly with respect to the spherical metric in D \ E, where the set E (which may depend on {f n k }) has no accumulation points in D. If E can always be chosen to satisfy |E| ≤ ν, F is said to quasinormal of order ν in D. Thus a family is quasinormal of order  in D if and only if it is normal in D. The family F is said to be (quasi)normal at z  ∈ D if it is (quasi)normal in some neighborhood of z  . Thus F is quasinormal in D if and only if it is quasinormal at each point z ∈ D. On the other hand, F fails to be quasinormal of order  f n k ) < Nã, where rã and Nã only depend onã; and
The value distribution theory of meromorphic functions occupies one of the central places in complex analysis which now has been applied to complex dynamics, complex differential and functional equations, Diophantine equations, and others.
In his excellent paper [], Hayman studied the value distribution of certain meromorphic functions and their derivatives under various conditions. Among other important results, he proved that if f (z) is a transcendental meromorphic function in the plane, then either f (z) assumes every finite value infinitely often, or every derivative of f (z) assumes every finite nonzero value infinitely often. This result is known as Hayman's alternative. Thereafter, the value distribution of derivatives of transcendental functions continued to be studied.
In , Bergweiler and Eremenko proved the following result. R is a small function compared with f in Theorem C. Specifically, T(r, R) = o{T(r, f )} as r → ∞ in Theorem C. A natural problem arises: What can we say if the rational function R in Theorem C is replaced by a more general small function α(z)? In this direction, we obtain the following result. Let {f n } be a family of meromorphic functions in D, all of whose zeros have multiplicity at least k + , such that f
Theorem . Let k ≥  be an integer, let f (z) be a meromorphic function in C, and let α(z) = R(z)h(z) ( ≡ ), where h(z) is an elliptic function and R(z) is

Preliminary lemmas
≥  such that |f (k) (z)| ≤ A whenever f (z) = . Then if F is not normal at z  , there exist, for each  ≤ α ≤ k, (a) points z n , z n → z  ; (b) functions f n ∈ F ; and (c) positive numbers ρ n →  such that ρ -α n f n (z n + ρ n ζ ) = g n (ζ ) χ ⇒ g(ζ ) in C, where g is a nonconstant meromorphic func- tion in C such that g # (ζ ) ≤ g # () = kA + . In f n ) < M  , then there exists M  >  such that S( (z  , r/), f n ) < M  .(k) n (z) = ψ n (z) for all n ∈ N and all z ∈ D. Suppose that: (a) no subsequence of {f n } is normal at a  ; (b) f n (z) χ ⇒ f (z) in D \ {a j } ∞ j= .
Then
(c) there exists r  >  such that f n has a single (multiple) zero in (a  , r  ) for sufficiently large n; (d) there exists r  >  such that for each  < r < r  , f n has a single simple pole in (a  , r)
for sufficiently large n; and () f n and ϕ n are defined in R n , where the positive sequence R n increases to ∞; 
Auxiliary lemmas
Lemma . Let {f n } and {ψ n } be families of meromorphic functions in D, and let f (z) and ψ(z) be meromorphic functions in D. Suppose that:
and (b), we have
In order to show that f 
. By (a) and (b), f
Since all zeros of {f n (z)} have multiplicity at least k +, we have f n () = . Hence z n =  and F n (z n ) =  for sufficiently large n. Since F n () = ∞ and F n (z n ) =  for sufficiently large n, {F n (ζ )} is not equicontinuous at , and hence {
By the assumptions, there exists δ >  such that f (z) has no poles on (, δ) and b(z) has no zeros on (, δ). Thus, we have
By the maximum principle, (.) holds in (, δ), and then {
-} is normal at . This is a contradiction. Thus
Lemma . Let k be a positive integer, let {f n } be a family of meromorphic functions in D, and let {h n } be a family of meromorphic functions in D such that h n
Proof By Lemma ., it suffices to prove that {f n } is normal at points which h has poles or zeros. Without loss of generality, we assume that
Suppose that {f n } is not normal at . Taking a subsequence and renumbering, we may assume that no subsequence of {f n } is normal at . Since f n (z) =  in , there exists r >  such that r ⊂ and f n ⇒  in r . By the argument principle, we have, for sufficiently large n,
Thus l <  and f n has poles (otherwise f n χ ⇒ ∞ in ) which are different from the poles of h n . Hence n(r, f 
Proof It suffices to show that {f n } is quasinormal in a neighborhood of each point of D. Let p ∈ D. There exists t >  such that (p, t) ⊂ D and ψ is holomorphic and does not vanish in (p, t). By Lemma ., {f n } is quasinormal in (p, t).
Suppose now that {f n } is not quasinormal at p. Then there exist points z j ∈ (p, δ) (j = , , . . .) and a subsequence of {f n } (still denoted by {f n }) such that z j → p and no subsequence of {f n } is normal at any z j , j = , , . . . . Set E := {z j : j = , , . . .}. Taking a subsequence of {f n } (still denoted by {f n }), we may assume that f n
there. Moreover, since ψ has no essential singularity at p, the same is true of H. But that H(z j ) =  for j = , , . . . implies that H ≡ , and hence H (k) ≡ , which contradicts
Lemma . Let k and l be positive integers, and let R be a rational function. If R
where n (≥ k -) is an integer and
is a nonconstant rational function. By Lemma .,
is a pole of R(z) of order at least k, and hence n ≥ k. Now, we have
where P k (z) is a polynomial of degree k, P k- (z) is a polynomial of degree at most k -, and c  is a constant. Thus R(z) has the following form: 
Proof = ∞. We claim that there exist t n → ∞ and ε n →  such that
Otherwise there would exist ε >  and
From this follows
. This contradicts the fact that lim r→∞
and hence {g n } is not normal at . Obviously, all zeros of g n (z) have multiplicity at least k +  in for sufficiently large n. Using Lemma . for α = k -/, there exist points z n → , positive numbers ρ n → , and a subsequence of {g n } (still denoted by
where G is a nonconstant meromorphic function in C, all of whose zeros have multiplicity at least k + .
Since
have multiplicity at most k), we may assume ζ  is not a zero or pole of G (k) (ζ ). Set a n := z n + ρ n ζ  + b n . Now we have
where T m (m = , , . . . , k) are constants and T k = . Set δ n := ε n + |a n -t n |. Obviously, δ n →  and (t n , ε n ) ⊂ (a n , δ n ), and hence S( (a n , δ n ), g) → ∞. Proof Suppose that {f n } is not normal at a point z * ∈ D. Then by Lemma ., there exist points z n → z * , positive numbers ρ n →  and a subsequence of {f n } (still denoted by {f n })
where g is a nonconstant meromorphic function in C, all of whose poles are multiple and whose zeros all have multiplicity at least k + .
In particular, g has order at most . Obviously, g n (z) = h n (z); ( * c) for eachã ∈ E, no subsequence of {f n } is normal atã; and
Then
( * e) for eachã ∈ E, h(ã) = ∞; ( * f ) for eachã ∈ E, there exist rã >  and Nã >  such that for sufficiently large n, n( (ã, rã),
where rã and Nã only depend onã; and
Proof of Lemma 3.8
Proof Since normality is a local property, by Lemma ., we only need to prove that {f n } is normal at every pole of h(z). Making standard normalizations, we may assume D = and
where l is a positive integer, φ() = , and φ(z) = , ∞ for all z ∈ . Set h n (z) := φ n (z) z l . Since h and h n have the same poles, all with the same multiplicity and
Clearly, it is enough to show that {f n } is normal at z = . Suppose, on the contrary, that {f n } is not normal at . By Lemma ., {f n } is normal in . Taking a subsequence and http://www.journalofinequalitiesandapplications.com/content/2014/1/389 renumbering, we may assume that no subsequence of {f n } is normal at . Our goal is to obtain a contradiction in the sequel.
We distinguish two cases.
By Lemma ., there exist points z n → , positive numbers ρ n →  and a subsequence of {f n } (still denoted by {f n }) such that
where F(ζ ) is a nonconstant meromorphic function in C. By Hurwitz's theorem, all poles of F(ζ ) are multiple and all zeros of F(ζ ) have multiplicity at least k + . Taking a subsequence and renumbering, we may assume z n /ρ n → α as n → ∞, where α ∈ C or α = ∞. Again we distinguish two subcases.
Obviously, all poles of g n (ζ ) are multiple and all zeros of g n (ζ ) have multiplicity at least k + ,
Then, by Lemma ., the family {g n } is normal in . Taking a subsequence and renumbering, we may assume that g n (ζ )
Obviously, all zeros of g(ζ ) have multiplicity at least k +  in .
We claim that g(ζ ) is a meromorphic function in . Otherwise, suppose that g(ζ ) ≡ ∞ in . Then
For any ζ ∈ C \ F - (∞), we have
This implies that F
We arrive at a contradiction as F(ζ ) is nonconstant and all zeros of F(ζ ) have multiplicity at least k +  in C. http://www.journalofinequalitiesandapplications.com/content/2014/1/389
Subcase .. z n /ρ n → α (α ∈ C). Clearly, we have
The latter possibility contradicts the fact that all poles of F (k) (ζ ) have multiplicity at least k +  (> l). Thus
It follows from Lemma . and Lemma . that F(ζ ) is a constant.
Clearly, all poles of g n (z) are multiple and all zeros of g n (z) have multiplicity at least k +  in . Since f
n () = h n () = ∞, we have f n () = ∞. Thus, for each n, g n () = f n ()/h n () = . Obviously, g n has a zero of order at least l at z =  for each n.
We first prove that G is normal in . Suppose that G is not normal at z  ∈ . Then by Lemma ., there exist points z n → z  , positive numbers ρ n → , and a subsequence of {g n } (still denoted by {g n }) such that
where G(ζ ) is a nonconstant meromorphic function in C. In particular, G(ζ ) has order at most . By Hurwitz's theorem, all poles of G(ζ ) are multiple and all zeros of G(ζ ) have multiplicity at least k + . Taking a subsequence and renumbering, we may assume z n /ρ n → α as n → ∞, where α ∈ C or α = ∞. Again we distinguish two subcases.
Subcase .. z n /ρ n → ∞. By simple calculation, we have
Then we have
On the other hand, we have lim n→∞  z n /ρ n +ζ =  and then for i = , , . . . , k,
This contradicts the fact that all zeros of G(ζ ) have multiplicity at least k + .
Clearly, all poles of G(ζ ) are multiple and all zeros of G(ζ ) have multiplicity at least k + , and G(ζ ) has a zero of order at least l at ζ = . Set H n (ζ ) := ρ l-k n f n (ρ n ζ ). Then, we have
Since G(ζ ) has a zero at ζ = , by (.), there exists δ ∈ (, ) such that g n (ρ n ζ ) is holomorphic in (, δ) for sufficiently large n, and thus H n (ζ ) is holomorphic in (, δ) for sufficiently large n. By the maximum principle, we have
Obviously, all poles of H(ζ ) are multiple and all zeros of H(ζ ) have multiplicity at least k + . Since G(ζ ) has a zero of order at least l at ζ = , we have H() = ∞ and thus H(ζ ) is a meromorphic function in C. Noting that
The latter possibility contradicts
It follows from Lemma . and Lemma . that H(ζ ) is a constant. Next we will show that this is impossible. Indeed, suppose that H ≡ c. Since G is not a constant, c = . Then we have
Suppose first that there exists δ ∈ (, ) such that f n (z) =  in (, δ) for sufficiently large n. By Lemma ., {f n } is normal in (, δ). But this contradicts our assumption that no subsequence of {f n } is normal at . Hence, taking a subsequence and renumbering, we may assume that z * n is the zero of f n of smallest modulus and z * n → . Since
In view of the fact that
we get that H * () = ∞. Thus H * is nonconstant. However, since H * () = ∞ and H * n (ζ ) =  in , we have H * =  in by Hurwitz's theorem. However, Lemma . implies that H * (ζ ) has a zero in . A contradiction. Thus G is normal in . It remains to show that {f n } is normal at . Since G is normal in , then G is equicontinuous in with respect to the spherical distance. On the other hand, g n () =  for each n, so there exists δ >  such that |g n (z)| ≤  for all n in (, δ). It follows that f n (z) is holomorphic in (, δ) for all n. Since {f n } is normal in , there exists a subsequence of {f n } (still denoted by {f n }) which converges locally uniformly in (, δ) . The maximum modulus principle implies that f n converges locally uniformly in (, δ), and thus {f n } normal at z = , which contradicts our assumption that no subsequence of {f n } is normal at . http://www.journalofinequalitiesandapplications.com/content/2014/1/389
Proof of Lemma 3.9
Proof It suffices to prove that each subsequence of {f n } has a subsequence which satisfies that ( * f), and prove that ( * e) and ( * g) hold. So suppose that we have a subsequence of {f n }, which (to avoid complication in notation) we again call {f n }.
Without loss of generality, for eachã ∈ E, we may assume thatã = , ⊂ D, ∩ E = ∅, and
in , whereĥ() =  andĥ(z) = , ∞ in . We consider the following three cases.
We will derive a contradiction in the case, and hence ( * e) holds. For convenience, we set m := -l, and then
in , whereĥ(z) = , ∞ in ,ĥ() = , and m is a positive integer. Clearly, we have
We claim that for each δ > , there exists at least one zero of f n in (, δ) for sufficiently large n. Otherwise, there exist δ * (> ) and a subsequence of {f n } (still denoted by {f n })
such that f n (z) =  in (, δ * ). By Lemma ., {f n } is normal at . This contradicts ( * c).
Taking a subsequence and renumbering, we may assume that a n ( = ) is the zero of {f n } of smallest modulus and a n → . Set F n (ζ ) := a m-k n f n (a n ζ ). We have: (A) F n (ζ ) =  in ; (A) all zeros of F n (ζ ) have multiplicity at least k +  and F n () = ;
By Lemma . and Lemma ., {F n (ζ )} is normal in and quasinormal in C. Thus, there exist a subsequence of {F n (ζ )} (still denoted by {F n (ζ )}) and D  ⊂ C such that:
(B) D  has no accumulation points in C;
We claim that for each δ > , there exists at least one pole of f n in (, δ) for sufficiently large n. Otherwise, there exist δ * (> ) and a subsequence of {f n } (still denoted by {f n }) such http://www.journalofinequalitiesandapplications.com/content/2014/1/389 that f n (z) has no poles in (, δ * ). Since f
. By Lemma ., {f n } is normal at . This contradicts ( * c).
Taking a subsequence and renumbering, we may assume that y n ( = ) is the pole of f n (z) of smallest modulus and y n → . By Hurwitz's theorem and (.), (D) D  has no accumulation points in C;
Obviously, D  ∩ = ∅ and all zeros of G(ζ ) have multiplicity at least k
We claim that D  = {}. Otherwise, there exists ζ  such that ζ  ∈ D  and ζ  = , . By Lemma .,
.
(.) By (.) and (.), we obtain ζ  = , which contradicts ζ  = . Thus D  = {}. By Lemma .,
in . By Hurwitz' theorem, there exist γ n,i (i = , , . . . , m -k) such that γ n,i →  and
n h n (a n ζ ), we have F n () = ∞, and hence γ n,i =  for i = , , . . . , m -k.
, where s n is one of {γ n, , γ n, , . . . , γ n,m-k } of largest modulus. Clearly, |η n,i | ≤ . Now, we have: In fact, (E) holds by (.). By Lemma ., (E), and (E), we find that U n (ξ ) is normal in C. We assume that U n (ξ )
. By the maximum principle applied to
, we get that
) for sufficiently large n. By the maximum principle,
Hence,
On the other hand,
in C, and hence F * n () → ∞, which contradicts (.). Subcase .. There exists a subsequence of {f n (z)} (still denoted by {f n (z)}) such that f n () =  for each n. http://www.journalofinequalitiesandapplications.com/content/2014/1/389 Do as in Subcase .., we may assume that y n ( = ) is the pole of f n (z) of smallest modulus and y n → . Set G n (ζ ) := y m-k n f n (y n ζ ). We have:
(F) all zeros of G n (ζ ) have multiplicity at least k + ;
By Lemma . and Lemma ., {G n (ζ )} is normal in and quasinormal in C. Thus, there exist a subsequence of {G n (ζ )} (still denoted by {G n (ζ )}) and D  ⊂ C such that:
(G) D  has no accumulation points in C;
In this case, we will show that ( * f) and ( * g) hold. Clearly, we have h(z) = , ∞ in , h n (z) = , ∞ in , and h() = h n () = .
We claim that for each δ > , there exists at least one zero of f n in (, δ) for sufficiently large n. Otherwise, there exist δ * (> ) and a subsequence of {f n } (still denoted by {f n }) such
n (z) = h n (z) and all the zeros of {f n } have multiplicity at least k + , we have f n () = , and hence f n (z) =  in (, δ * ). By Lemma ., {f n } is normal at , which contradicts ( * c).
Taking a subsequence and renumbering, we may assume that a n ( = ) is the zero of f n of smallest modulus and a n → . Set F n (ζ ) := f n (a n ζ ) a k+l n . We have:
(a) F n (ζ ) =  in ;
(a) all zeros of F n (ζ ) have multiplicity at least k +  and F n () = ;
n (ζ ) = ζ lĥ (a n ζ ) and ζ lĥ (a n ζ )
By Lemma . and Lemma ., {F n (ζ )} is normal in and quasinormal in C. Thus, there exist a subsequence of {F n (ζ )} (still denoted by {F n (ζ )}) and D  ⊂ C such that:
(b) D  has no accumulation points in C; where t ≥ k is an integer, β ∈ C, and α i = , β ( ≤ i ≤ t +  + l). Thus, we have
(  .  ) By Hurwitz's theorem, there exist sequences ζ n,i → α i and η n,j → β (counting multiplicities of zeros and poles, respectively) such that for sufficiently large n, F n (ζ n,i ) =  and F n (η n,j ) = ∞, where i = , , . . . , t +  + l and j = , , . . . , t +  -k. set z n,i := a n ζ n,i . Thus, f n (z n,i ) =  and z n,i → , where i = , , . . . , t +  + l. Set 
